Mathematical models that accurately predict the mechanical behavior of blood can contribute to the development of biomedical devices and medications which are relevant in clinical applications. The models existing in the literature are complex enough in order to agree with various in vitro experimental observations. Latest technological advancements opened the possibility of studying blood flow in vivo which could play an important role in the creation of biocompatible implants for health monitoring and treatment purposes. However, most of existing models may fail to predict blood behavior in vivo because they require many parameters which are difficult to find in vivo and they do not incorporate pertinent coupled chemo-mechanical dynamics specific to blood flow in a living body. Recently, we used the fractional model of continuum mechanics proposed by Drapaca and Sivaloganathan [J. Elast.,107: 105-123, 2012] to study blood circulation. In this mathematical formulation the spatial derivatives of the rate of deformation tensor are expressed using Caputo fractional derivatives. The aim of this paper is to compare the Poiseuille flows of blood through an axi-symmetric circular rigid and impermeable pipe where the blood is described by the above mentioned fractional model, the Casson's model, and the power law model. Although the velocity profiles of these three models look similar, the fractional model provides a better fitting to published experimental data.
INTRODUCTION
Blood is a complex fluid mixture of components that actively interact chemically and mechanically not only among themselves but also with the vessels containing them. While the mechanics dominates the flow of blood through large vessels where the blood behaves as a viscous Newtonian fluid, in the smaller vessels the coupled chemo-mechanical dynamics become important and the many non-Newtonian models proposed in the literature highlight the inherent difficulties encountered in properly describing the mechanisms of blood flow at smaller length scales. Most of these mathematical models have numerous parameters that may be found from in vitro experiments [3, 5, 20, 32, 33, 38, 44] . However, finding these parameters in vivo may be very difficult if not impossible due to the very diverse entangled chemo-mechanical dynamics of blood and its surroundings existing in a living body [11, 18] . In addition, given todays efforts in building implantable biomedical devices capable to accurately monitor the health state of humans and ultimately interact with the observed living process such as blood flow, using models whose parameters can be found only in the lab could not only inhibit technological progress but also create devices that could be potentially dangerous in medical applications.
Finding parameters that reliably describe the complex blood flow in vivo (aka biomarkers) requires new mathematical models. In [43] , West noticed that "Understanding complexity [...] requires a new way of modeling and consequently more innovative thinking. [...] Such a perspective might well be provided by the fractional calculus that is able to quantify the coupling of variations in phenomena across widely separated scales in both space and time." Fractional calculus, a centuries-old field of mathematical analysis [21, 22, 34] , uses integro-differential operators whose kernels are power functions of fractional order. Thanks to their integro-differential representations, fractional order derivatives have been successfully used in numerous applications to model stochastic, multiple (possibly entangled) time and/or length scales and non-local phenomena in numerous physical systems [35, 30, 17, 42, 27, 4, 25, 43] . In particular, non-local models of kinematics based on fractional calculus have been proposed to address the local nature of continuum mechanics that makes this theory difficult to use in studies of dislocations and fracture in materials, mechanical behavior of liquid crystals and biological tissues where the stresses and body forces at a point could depend on the thermodynamic state of the entire body [6, 7, 9, 12, 13, 28, 39, 40, 41] . A generalization of the classical continuum mechanics framework that uses fractional derivatives to represent both the non-local kinematics and non-local stresses corresponding to contact forces with long ranges was given by Drapaca and Sivaloganathan in [14] . These models of fractional continuum mechanics are supported by the fractional differential geometry on manifolds and corresponding fractional differential forms develeoped by [1, 2, 10] , while the physical and geometric interpretations of the fractional order kinematic structure could be inferred from the physical and geometric interpretations of the fractional order integrals and derivatives given in [31] .
Recently, we applied the fractional model of continuum mechanics proposed in [14] to blood flow [15] . In this formulation the Cauchy stress tensor depends linearly on a generalized rate of deformation tensor whose representation involves Caputo fractional order spatial derivatives of order α ∈ R. The physical parameter α is assumed to be a measure of the long range interactions among fluid's particles during flow and could vary with time, location, temperature, pressure, shear rate, and/or concentration of particles. The second physical parameter of this model is the constant of proportionality µ that relates the stress tensor and this generalized rate of deformation tensor. Parameter µ depends on a characteristic length scale specific to the problem under investigation and the fractional order α. When α = 1 parameter µ reduces to the apparent viscosity of the fluid. The fundamental difference between this fractional model and the numerous non-Newtonian viscosity models of blood existing in the literature is as follows. The fractional model uses non-local integrodifferential operators in the representation of the rate of deformation tensor which entangle the aggregation of particles and the chemo-mechanical deformation of the complex fluid (blood). On the other hand, in the non-Newtonian models the stress tensor is decomposed in a product between the rate of deformation tensor and an apparent viscosity that may depend on time, temperature, mechanical invariants, or concentrations of fluid's components. Such a representation of the stress tensor does not account for the chemo-mechanical coupling present during blood flow in vivo because the rate of deformation tensor is separated from the mechano-chemical interactions of the blood's components and therefore the chemically-driven part of the flow is not accounted for. In addition, the rate of deformation tensor involves spatial differential operators which is a local representation and thus any possible non-local effects are usually hidden in some extra ad-hoc parameters added to the model in order to explain experimental observations.
In this paper we consider the fully developed steady flow of an incompressible non-Newtonian fluid due to an externally imposed pressure gradient and in the absence of body forces through a circular pipe. The walls of the pipe are assumend to be rigid and impermeable, and a no slip boundary condition is imposed at the structurefluid interface. The aim of the paper is to compare the solutions of the Poiseuille flow that correspond to the following three constitutive models of blood: the fractional model discussed above, the power-law model, and the Casson's model. Each of these models has two parameters. The power-law and Casson's constitutive equations are chosen for the comparrison because these laws and some variations of them have been used by [19, 26, 37, 16] to predict blood's velocity profiles which agree with some experimental observations [3, 29, 36, 45] . The Casson's model involves a yielding condition to describe viscoplasticity of blood observed in vitro. However, the power law and Casson's models have some unphysical features. The power law constitutive equation is characterized by an unbounded viscosity function and a zero viscosity at zero shear rate, while Casson's apparent viscosity is singular and unbounded at zero shear rate. On the other hand, generalizations of these two models that do not suffer from the above mentioned limitations have more physical parameters which are difficult to find experimentally in vivo. The fractional model does not have these unphysical characteristics. Our comparison shows that the fractional model produces similar velocity profiles to the ones generated by the power law and Casson's mod-els. In addition, best fit curves to experimental data taken from [23] suggest that the fractional model provides the better fit among the three models.
The structure of the paper is as follows. In the next section we review the constitutive equations for the fractional, power law and Casson models. In section 3 we present the analytic solutions to the Poiseuille flow in a circular pipe for these three models, while in section 4 we show some numerical simulations of the velocity profiles and curve fitting results. The paper ends with a section of conclusions and future work.
Constitutive Models
In this section we provide a brief presentation of the fractional, power law, and Casson models.
Fractional Model
The following definitions are taken from [15] .
Definition 1:
Let Ω and Ω t , t > 0 be two open subsets of R 3 . Let α α α be a 3x3 matrix whose elements α Ii (t), I, i = 1, 2, 3 are continuous functions of t > 0 such that
.., and let χ χ χ(·; t, α α α(t)) : Ω → χ χ χ(Ω; t, α α α(t)) ≡ Ω t,α α α(t) be a family of functions in L 1 (Ω). The deformation of order α α α(t) of a body occupying region Ω at t = 0 and region Ω t,α α α(t) at time t > 0 is determined by the position x of the material points in space as a function of the reference position X at t = 0, time t > 0 and α α α(t) which is given by:
• if α Ii (t) = m, ∀t > 0, I, i = 1, 2, 3, m = 1, 2, 3, ... and χ χ χ(·; t, α α α(t)) is in C m+1 (Ω):
.:
In addition, χ χ χ is assumed to be zero on the boundary and outside the region of integration H. When m = 1, equation (1) becomes the mathematical representation of deformation known from the classical theory of continuum mechanics. In the above
is considered to be the region of influence of X that contains all the material points involved in the deformation of X into x [14, 15] . The limits a i , b i , i = 1, 2, 3 may be functions of X, t and α α α. H is determined by the physics of interactions between particles, by the geometry of the domain occupied by the body under observation, or by curve fitting to experimental data. The components of matrix α α α(t) could be envisioned as measures of the dynamic (chemo-mechanical) deformations of a body with evolving microstructure.
Definition 2:
The deformation gradient of order α α α(t), with t > 0 and α Ii ∈ R, I, i = 1, 2, 3 is either:
or:
We notice that the deformation gradient of order α α α(t) given by formulas (4) and (5) resembles the definitions of the left-sided and right-sided Riemann-Liouville fractional derivatives of order α Ii (t), I, i = 1, 2, 3. Using some properties of fractional order derivatives it can be shown that inversions can be defined only for the deformations (1) and (3). The very long spatial memory of each material point during a deformation (2) is lost and thus an inversion of this motion is not possible.
Other strain and strain rate tensors of order α α α(t) can be further obtained by combining definitions known from continuum mechanics and formulas (4) or (5). For instance, the velocity gradient tensor of order α α α(t) is given by:
where v is the velocity field associated to the deformation given in definition 1. It follows that the rate of deformation tensor of order α α α(t) is D α α α(t) = L α(t) α(t) α(t) + L T α(t) α(t) α(t) /2. The constitutive law for an incompressible fluid is now:
where σ σ σ is the Cauchy stress tensor, p is the hydrostatic pressure, and µ is a physical parameter of the model.
In particular, if H is independent of t and α α α(t), and α α α is a constant matrix, then the velocity fields v = ∂ x ∂t corresponding to the three cases in definition 1 are given by formulas (1)- (3) where χ χ χ is replaced by ∂ χ χ χ ∂t . In this paper we will work under these simplifying assumptions. Lastly, we notice that in the one dimensional case when α = 1 is a constant, the fluid described by the fractional model shows shear thinning if α > 1, or shear thickening if α < 1 [15] .
Power Law Model
The constitutive equation of an incompressible power-law fluid is [8] :
where σ σ σ and p represent the Cauchy stress tensor and, respectively, the hydrostatic pressure, and D is the rate of deformation tensor of components:
Here 
The two parameters of the model are n, a positive real number called the power law index, and K, the consistency (of the physical units). When n = 1 the constitutive equation (7) reduces to the classic equation of a viscous Newtonian fluid. When n = 1 the fluid shows non-Newtonian behavior: shear thinning if n < 1, or shear thickening if n > 1.
Casson's Model
The constitutive equation of the Casson's model is [16] :
where σ σ σ , p, and D represent the Cauchy stress tensor, the hydrostatic pressure, and the rate of deformation tensor, respectively, and:
with J 2 = 
for J 2 = 1 2 σ i j σ i j and σ i j = σ i j − 1 3 σ kk δ i j . Equations (10) and (12) model the blood as a viscoplastic material.
Poiseuille Flow
In this section we consider the three-dimensional fully developed steady laminar flow of an incompressible non-Newtonian fluid through an horizontal circular pipe with rigid and impermeable walls. Let R be the constant radius of the pipe. The flow is axisymmetric and is driven by an externally imposed pressure gradient. For simplicity, body forces are neglected. In cylindrical coordinates (r, θ , z), the components of fluid's velocity are:
and therefore the equation of continuity:
is identically satisfied. The equilibrium equations for the components of the Cauchy stress tensor σ σ σ (r, z) in cylindrical coordinates are:
The no slip boundary condition at r = R is:
and the boundary condition at r = 0 expressing the axial symmetry of the flow will be specified for each constitutive model separately. We further solve the above boundary value problem for the three constitutive laws reviewed in the previous section.
Fractional Model
The only non-zero components of σ σ σ given by (6) are:
Here the region of influece is H = [0, r]. We assume that
, and introduce an extra term under the integral in (18) which is not present in definition 1 so that we can impose non-zero boundary conditions. In this case the integral in (18) is the left-sided Caputo fractional derivative of order α:
for m ∈ {1, 2, 3, ...}. We notice that the definition of the Riemann fractional integral operator of order α denoted by J α was also given in formula (19) .
As in [15] , we assume the following boundary condition at r = 0:
Assume further that the two parameters of the fractional model, µ and α, are constants. By replacing equations (17) and (18) into the system of equations (15) gives p = p(z) and:
Here d p dz = C < 0 is a known constant. Integrating equation (21) and using the boundary conditions (16) and (20), and properties of Caputo fractional integrals and derivatives give [15] :
The volumetric flow rate is then:
and the average velocity in this case is:
Power Law Model
The only non-zero components of σ σ σ given by (7) and (9) are:
where we used the fact that w decreases with increasing r and that σ rz > 0. The boundary condition at r = 0 is:
By replacing formulas (25) and (26) into equations (15) we obtain again that p = p(z).
As before, we denote by C = (15) and use the boundary conditions (16) and (27) we get [8] :
The volumetric flow rate is now:
and the average velocity is:
The two parameters of the power law model are n and K.
Casson's Model
The only non-zero components of σ σ σ given by (10) and (11) are:
where we used again the fact that w decreases with increasing r (so dw dr < 0) and that σ rz > 0. By replacing (31) and (32) into equations (15) we obtain p = p(z) and if we let C = d p dz < 0 be a known constant we can integrate once the third equation of system (15) and use the boundness of the shear stress at r = 0 to obtain:
Let r c be a characteristic radius such that the yielding shear stress can be written from (33) as:
The yielding condition says that the blood will not flow if 0 ≤ r < r c and will flow if r c ≤ r ≤ R. If we now replace formula (32) into (33), integrate on [r c , R] and use the no slip boundary condition (16) then the following expression is obtained for the speed w(r) [16] :
If we replace formula (34) into formula (35) and calculate the core speed w c for r = r c we finally obtain:
For r c ≤ R the volumetric flow rate is:
and thus the average velocity is:
The two parameters of the Casson's model are η and r c .
Results
We start this section with plots of the dimensionless speeds w/W ave calculated for each model. For simplicity, in our simulations we use the following values:
Figures 1-3 show dimensionless speed profiles predicted by the three models for various values of the corresponding second parameter which was not fixed in (39) . We observe that the bluntness of the velocity profiles increases with increasing α for the fractional model ( fig. 1) , with decreasing n for the power law model ( fig. 2) , and with increasing r c for the Casson's model ( fig. 3) . Although the velocity profiles of the three models look similar, the physical meanings of the varying parameters α, n and r c are different. The fractional order α = 1 of the fractional model is a measure of the non-local interactions of blood's particles during flow, the power law index n = 1 (22) and (24) for various values of the fractional order α. When α = 1 the speed profile corresponds to the incompressible viscous Newtonian fluid. (36) and (38) for various values of r c .
of the power law model determines the local dependence of the apparent viscosity on the shear rate, and r c of the Casson's model is the radius at which yield stress is attained and the blood starts to flow in the region r c ≤ r ≤ R. In figs. 4 and 5 we present curve fitting results to experimental data given in [23] . The fitting was performed in Matlab using the built-in function lsqcurvefit that solves non-linear least squares problems using the trust region reflective and LevenbergMarquardt algorithms. The in vitro experimental data used in fig. 4 are a subset (the same as in [38] ) of the data obtained from a glass tube of radius R = 27.1 µm steadily perfused with human blood at a measured pressure gradient −C = 3732 dyn/cm 3 .
The following values for the best fits were obtained:
for the fractional model,
for the power law model, and The in vivo experimental data used in fig. 5 were obtained from blood flow through a venule of radius R = 20.1 µm of a mouse cremaster muscle before systemic hemodilution [23] . Since the pressure gradient was not measured, we used the reported estimations given in [23] to approximate −C = 7122 dyn/cm 3 . The following values for the best fits were obtained:
for the power law model, and The experimental data are taken from [38] which is a subset of the data published in [23] .
The Euclidean norms of the fractional model are smaller than the others for both sets of experimental data, suggesting that the fractional model might provide a better fit. Lastly, we notice that the power law model was sensitive to the initial guess required by Matlab's built-in function lsqcurvefit, while the fractional and Casson's models were robust to changes in these initial guesses.
Conclusions and Future Work
In this paper we presented a comparison of three models of blood flow: a fractional model, the power law model, and the Casson's model. We presented analytic solutions for the Poiseuille flow through an axi-symmetric circular tube with rigid and impermeable walls and no-slip boundary condition at the fluid-wall interface. The flow is due to a pressure gradient applied along the tube's axis. Although the velocity profiles of the three models look alike, the physical assumptions are different. The fractional model is non-local in nature, combining the arrangements of particles and motion. The power law and Casson's models abelong to the class of non-Newtonian viscosity models since the shear stress is expressed as a product between an apparent viscosity that depends on the flow's mechanical invariants and the rate of deformation tensor. These two models are local in nature because they use the classical rate of deformation tensor. In addition, Casson's model uses a yielding condition to describe blood's viscoplasticity. Lastly, best fit curves to experimental data from [23] indicate that the fractional model provides the better fit among the three models. In our future work we plan to use the fractional model in studies of cerebral blood flow where the fractional order α could play the role of a biomarker for early detection of disease.
